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1. Introduction
LetK be a nonempty subset of uniformly convex Banach spaceX . Let T be a self-mapping ofK . Let F(T ) = {x ∈ K : Tx = x}
be denoted as the set of fixed points of a mapping T .
We introduce the following definitions and statements which will be used in our main results (see, for example, [1,4,8,
10,11]):
A mapping T : K −→ K is called nonexpansive provided
‖Tx− Ty‖ ≤ ‖x− y‖
for all x, y ∈ K . T is called asymptotically nonexpansivemapping if there exist a sequence {υn} ⊂ [0,∞)with limn→∞ υn = 0
such that
‖T nx− T ny‖ ≤ (1+ υn)‖x− y‖
for all x, y ∈ K and n ≥ 1.
T is called uniformly L-Lipschitzian if there exist a constant L > 0 such that ∀x, y ∈ K , the following inequality holds:
‖T nx− T ny‖ ≤ L‖x− y‖
n ≥ 1.
T is called quasi-nonexpansivemapping provided
‖T nx− p‖ ≤ ‖x− p‖
for all x ∈ K and p ∈ F(T ) and n ≥ 1.
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T is called asymptotically quasi-nonexpansivemapping if there exist a sequence {υn} ⊂ [0,∞)with limn→∞ υn = 0 such
that
‖T nx− p‖ ≤ (1+ υn)‖x− p‖
for all x ∈ K and p ∈ F(T ) and n ≥ 1.
Remark 1.1. From above definitions, it is easy to see that if F(T ) is nonempty, a nonexpansive mapping must be quasi-
nonexpansive, and an asymptotically nonexpansivemappingmust be asymptotically quasi-nonexpansive. It is obvious that,
an asymptotically nonexpansive mapping is also uniformly L-Lipschitzian with L = sup{1 + υn : n ≥ 1}. However, the
converses of these claims are not true in general.
Let T , I : K −→ K . A mapping T : K −→ K is called I-Lipschitz if there exists Γ ≥ 0 such that
‖Tx− Ty‖ ≤ Γ ‖Ix− Iy‖
for all x, y ∈ K .
If Γ < 1 (respectively Γ = 1), then T is called I-contraction (respectively I-nonexpansive) on K .
T is called I-asymptotically nonexpansive if there exists a sequence {υ ′n} ⊂ [0,∞)with limn→∞ υ ′n = 0 such that
‖T nx− T ny‖ ≤ (1+ υ ′n)‖Inx− Iny‖
for all x, y ∈ K and n = 1, 2, . . ..
T is called I-asymptotically quasi-nonexpansive on K if there exists a sequence {υ ′n} ⊂ [0,∞) with limn→∞ υ ′n = 0 such
that
‖T nx− p‖ ≤ (1+ υ ′n)‖Inx− p‖
for all x ∈ K and p ∈ F(T ) ∩ F(I) and n = 1, 2, . . ..
Remark 1.2. From the above definitions it follows that if F(T ) ∩ F(I) is nonempty, a I-nonexpansive mapping must be
I-quasi-nonexpansive, and linear I-quasi-nonexpansive mappings are I-nonexpansive mappings. But it is easily seen that
there exist nonlinear continuous I-quasi-nonexpansive mappings which are not I-nonexpansive.
The class of asymptotically nonexpansivemapswhich is an important generalization of the class nonexpansivemapswas
introduced in [4]. They proved that every asymptotically nonexpansive self-mapping of a nonempty closed convex bounded
subset of a uniformly convex Banach space has a fixed point. In [11], the weak convergence theorem for I-asymptotically
quasi-nonexpansive mapping defined in Hilbert space was proved.
Recently, concerning the convergence problems of an implicit (or non-implicit) iterative process to a common fixed point
for a finite family of asymptotically nonexpansive mappings (or nonexpansive mappings) in Hilbert spaces or uniformly
convex Banach spaces have been obtained by a number of authors (see, for example, [3,4,9,10,13,14]).
Xu and Ori [13], in 2001, introduced an implicit iteration process for a finite family of nonexpansive mappings. Let
K be a nonempty closed convex subset of H Hilbert space. Let {Ti}Ni=1 be N nonexpansive self-maps of K such that
F = ⋂Ni=1 F(Ti) 6= ∅, the set of common fixed points of Ti, i = 1, . . . ,N . An implicit iteration process for a finite family
of nonexpansive mappings {Ti}Ni=1 is defined as follows, with {αn} ⊂ (0, 1), and an initial point x0 ∈ K , the sequence {xn}n≥1
is generated as follows:
x1 = α1x0 + (1− α1)T1x1
x2 = α2x1 + (1− α2)T2x2
...
xN = αNxN−1 + (1− αN)TNxN
xN+1 = αN+1xN + (1− αN+1)TN+1xN+1
...
The process is expressed in the following form
xn = αnxn−1 + (1− αn)Tnxn, n ≥ 1 (1.1)
where Tn = Tn(mod N).
Xu and Ori [13] proved the weak convergence of the sequence {xn} defined implicity by (1.1) to a common fixed point
for a finite family of nonexpansive mappings defined in Hilbert space.
Zhou and Chang [14], in 2002, studied the weak and strong convergence of implicit iteration process to a common fixed
point for a finite family of nonexpansive mappings in Banach spaces.
Liu [6], in 2002, and Chidume–Shahzad [2], in 2005, proved the strong convergence of an implicit iteration process to a
common fixed point for a finite family of nonexpansive mappings in Banach spaces.
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Sun [10], in 2003, extended an implicit iteration process for a finite family of nonexpansive mappings due to Xu and Ori
[13] to the case of asymptotically quasi-nonexpansive mappings.
Chang and et al. [1], in 2003, studied the weak and strong convergence of implicit iteration process with errors to a
common fixed point for a finite family of asymptotically nonexpansive mappings and nonexpansive mappings in Banach
spaces.
Gu and Lu [5], in 2006, studied the weak and strong convergence of implicit iteration process with errors to a common
fixed point for a finite family of nonexpansive mappings in Banach spaces.
LetK be a nonempty subset ofX Banach space. Let {Ti}Ni=1 be finite family of Ii-asymptotically nonexpansive self-mappings
and {Ii}Ni=1 be finite family of asymptotically nonexpansive self-mappings of K . Let {αn} and {βn} are two real sequences in[0, 1]. Then the sequence {xn}n≥1 is generated as follows:{
yn = (1− βn)xn + βnT k(n)i(n) xn
xn+1 = (1− αn)xn + αnIk(n)i(n) yn
∀n ≥ 1, (1.2)
where n = (k(n)− 1)N + i(n), i(n) ∈ {1, 2, . . . ,N}.
The aim of this paper is to prove the weak and strong convergence of implicit iterative sequence {xn}n≥1 defined by (1.2)
to a common fixed point for a finite family of Ii-asymptotically nonexpansive mappings in Banach space. We consider also
{Ii}Ni=1 being a finite family of asymptotically nonexpansive self-mappings of K subset of Banach space.
2. Preliminaries and notations
Recall that a Banach space X is said to satisfy Opial’s condition [7] if, for each sequence {xn} in X , the condition xn ⇀ x
implies that
lim inf
n→∞ ‖xn − x‖ < lim infn→∞ ‖xn − y‖
for all y ∈ X with y 6= x. It is well known from [7] that all lr spaces for 1 < r <∞ have this property. However, the Lr space
do not have unless r = 2.
In order to prove the main results of this paper, we need the following statements:
Lemma 2.1 ([12]). Let {an}, {bn} and {σn} be sequences of nonnegative real sequences satisfying the following conditions:∀n ≥ 1,
an+1 ≤ (1+ σn)an + bn, where∑∞n=0 σn <∞ and∑∞n=0 bn <∞. Then limn→∞ an exists.
Lemma 2.2 ([9]). Let K be a nonempty closed bounded convex subset of a uniformly convex Banach space X and {αn} a sequence
[δ, 1− δ], for some δ ∈ (0, 1). Let {xn} and {yn} be two sequences in K such that
lim sup
n→∞
‖xn‖ ≤ c,
lim sup
n→∞
‖yn‖ ≤ c
and
lim sup
n→∞
‖αnxn + (1− αn)yn‖ = c
holds for some c ≥ 0.Then
lim
n→∞ ‖xn − yn‖ = 0.
Lemma 2.3 ([3]). Let X be a uniformly convex Banach space, K a nonempty closed convex subset of X and T : K −→ K be an
asymptotically nonexpansive mapping. Then E− T is demiclosed at zero, i.e. for each sequence {xn} in K, if {xn} converges weakly
to q ∈ K and (E − T ){xn} converges strongly to 0, then (E − T )q = 0.
Definition 2.4. The mappings T , I : K → K are said to satisfying condition (A) if there is a nondecreasing function
f : [0,∞) → [0,∞) with f (0) = 0, f (r) > 0, for all r ∈ [0,∞) such that 12 (‖x − Tx‖ + ‖x − Ix‖) ≥ f (d(x, F)) for
all x ∈ K , where d(x, F) = inf{‖x− p‖ : p ∈ F = F(T ) ∩ F(I)}.
Definition 2.5. A family {Ti : i ∈ {1, . . . ,N}} be N Ii-asymptotically nonexpansive self-mappings of K and {Ii : i ∈
{1, . . . ,N}} be N asymptotically nonexpansive mappings on K with F =⋂Ni=1 F(Ti)∩ F(Ii) 6= ∅ are said to satisfy condition
(B) on K if there is a nondecreasing function f : [0,∞)→ [0,∞) with f (0) = 0, f (r) > 0, for all r ∈ [0,∞) such that all
x ∈ K such that max1≤`≤N{ 12 (‖x− T`x‖ + ‖x− I`x‖)} ≥ f (d(x, F))
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3. Weak and strong convergence of implicit iteration for I-asymptotically nonexpansive mappings
Lemma 3.1. Let X be a uniformly convex Banach space, K be a nonempty closed convex subset of X, {Ti : i ∈ {1, . . . ,N}}
be N Ii-asymptotically nonexpansive self-mappings of K with sequences {υin} ⊂ [0,∞) such that ∑∞n=1 υin < ∞ and{Ii : i ∈ {1, . . . ,N}} be N asymptotically nonexpansive mappings of K with {uin} ⊂ [0,∞) such that ∑∞n=1 uin < ∞ and
F =⋂Ni=1 F(Ti) ∩ F(Ii) 6= ∅. Let {αn} and {βn} ⊂ [δ, 1− δ] for some δ ∈ (0, 1).
Then the implicitly iterative sequence {xn} is generated by (1.2) converges strongly to a common fixed point in F =⋂Ni=1 F(Ti)∩
F(Ii) 6= ∅ if and only if
lim inf
n→∞ d(xn, F) = 0.
Proof. For any p ∈ F =⋂Ni=1 F(Ti) ∩ F(Ii) 6= ∅
‖xn+1 − p‖ = ‖αnIk(n)i(n) yn + (1− αn)xn − p‖
≤ (1− αn)‖xn − p‖ + αn‖Ik(n)i(n) yn − p‖
≤ (1− αn)‖xn − p‖ + αn(1+ uik)‖yn − p‖. (3.1)
‖yn − p‖ = ‖(1− βn)xn + βnT k(n)i(n) xn − p‖
≤ (1− βn)‖xn − p‖ + βn‖T k(n)i(n) xn − p‖
≤ (1− βn)‖xn − p‖ + βn(1+ υik)‖Ik(n)i(n) xn − p‖
≤ (1− βn)‖xn − p‖ + βn(1+ υik)(1+ uik)‖xn − p‖
= [1+ βn(υik + uik + υikuik)]‖xn − p‖. (3.2)
Substituting (3.2) into (3.1), we obtain
‖xn+1 − p‖ ≤ (1− αn)‖xn − p‖ + αn(1+ uik)[1+ βn(υik + uik + υikuik)]‖xn − p‖
≤ (1+ ρik)‖xn − p‖. (3.3)
where
ρik = αnβn(uik + υik + uikυik)+ αnuik + αnβnuik(uik + υik + uikυik).
Moreover since {αn} and {βn} ∈ [δ, 1 − δ] for some δ ∈ (0, 1) and∑∞k=1 υik < ∞ and∑∞k=1 uik < ∞, it follows that∑∞
k=1 ρik <∞.
Thus we obtain
‖xn+1 − p‖ ≤ (1+ ρik)‖xn − p‖.
By Lemma 2.1, limn→∞ ‖xn − p‖ exists for each for p ∈ F =⋂Ni=1 F(Ti) ∩ F(Ii).
This implies that ‖d(xn+1, F)‖ ≤ (1 + ρik)d(xn, F). Then by Lemma 2.1, limn→∞ d(xn, F) exists and by assumption
lim infn→∞ d(xn, F) = 0 we obtain
lim
n→∞ d(xn, F) = 0.
Next, we show that {xn} is a Cauchy sequence in K . Notice that from (3.3) for any p ∈ F , we have
‖xn+m − p‖ ≤ exp
{
N∑
i=1
∞∑
k=1
ρik
}
‖xn − p‖
< M‖xn − p‖
for all numbers m, n, where M = exp{∑Ni=1∑∞k=1 ρik} + 1 < +∞. Since limn→∞ d(xn, F) = 0, for any given  > 0, there
exists a positive integer N0 such that for all n ≥ N0, d(xn, F) < 2M . There exists p1 ∈ F =
⋂N
i=1 F(Ti) ∩ F(Ii) such that‖xn0 − p1‖ < 2M .
Hence, for all n ≥ N0 andm ≥ 1, we have
‖xn+m − xn‖ ≤ ‖xn+m − p1‖ + ‖xn − p1‖
≤ M‖xn0 − p1‖ +M‖xn0 − p1‖
≤ 2M‖xn0 − p1‖
≤ 2M 
2M
= 
which shows that {xn} is a Cauchy sequence in K .
Thus, the completeness of X implies that {xn} is convergent. Assume that {xn} converges to a point p.
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Then p ∈ K , because K is closed subset of X . The set F = ⋂Ni=1 F(Ti) ∩ F(Ii) is closed. limn→∞ d(xn, F) = 0 gives that
d(p, F) = 0.
Thus p ∈ F =⋂Ni=1 F(Ti) ∩ F(Ii). This completes the proof. 
Lemma 3.2. Let X be a uniformly convex Banach space, K be a nonempty closed convex subset of X, {Ti : i ∈ {1, . . . ,N}}
be N Ii-asymptotically nonexpansive self-mappings of K with sequences {υin} ⊂ [0,∞) such that ∑∞n=1 υin < ∞ and{Ii : i ∈ {1, . . . ,N}} be N asymptotically nonexpansive mappings of K with {uin} ⊂ [0,∞) such that ∑∞n=1 uin < ∞ and
F =⋂Ni=1 F(Ti)∩ F(Ii) 6= ∅. Let {αn} and {βn} ⊂ [δ, 1− δ] for some δ ∈ (0, 1). Suppose that for any given x ∈ K , the sequence
{xn} is generated by (1.2). If F =⋂Ni=1 F(Ti) ∩ F(Ii) 6= ∅ then
lim
n→∞ ‖T`xn − xn‖ = limn→∞ ‖I`xn − xn‖ = 0, ∀` = 1, 2, . . . ,N.
Proof. By Lemma 3.1 for any p ∈ F = ⋂Ni=1 F(Ti) ∩ F(Ii), limn→∞ ‖xn − p‖ exists. Let limn→∞ ‖xn − p‖ = d. If d = 0 by
continuity of T` and I`, then the proof is completed.
Now suppose d > 0.
‖yn − p‖ = ‖(1− βn)xn + βnT k(n)i(n) xn − p‖
≤ (1− βn)‖xn − p‖ + βn‖T k(n)i(n) xn − p‖
≤ (1− βn)‖xn − p‖ + βn(1+ υik)‖Ik(n)i(n) xn − p‖
≤ (1− βn)‖xn − p‖ + βn(1+ υik)(1+ uik)‖xn − p‖
= [1+ βn(υik + uik + υikuik)]‖xn − p‖.
Taking lim sup on both sides in the above inequality,
lim sup
n→∞
‖yn − p‖ ≤ d. (3.4)
Since {I` : ` ∈ {1, . . . ,N}} is N asymptotically nonexpansive self-mappings of K , we can get that, ‖Ik(n)i(n) yn − p‖ ≤
(1+ uik)‖yn − p‖, which on taking lim supn→∞ and using (3.4) gives
lim sup
n→∞
‖Ik(n)i(n) yn − p‖ ≤ d.
Further,
lim
n→∞ ‖xn+1 − p‖ = d
means that
lim
n→∞ ‖αnI
k(n)
i(n) yn + (1− αn)xn − p‖ = d
lim
n→∞(1− αn)‖xn − p‖ + αn‖I
k(n)
i(n) yn − p‖ = d.
It follows from Lemma 2.2
lim
n→∞ ‖I
k(n)
i(n) yn − xn‖ = 0. (3.5)
Moreover,
‖xn+1 − xn‖ = ‖αn[Ik(n)i(n) yn − xn]‖
≤ αn‖Ik(n)i(n) yn − xn‖.
Thus, from (3.5) we have
lim
n→∞ ‖xn+1 − xn‖ = 0
and
lim
n→∞ ‖xn − xn+j‖ = 0, ∀j = 1, . . . ,N. (3.6)
Now,
‖xn − p‖ ≤ ‖xn − Ik(n)i(n) yn‖ + ‖Ik(n)i(n) yn − p‖
≤ ‖xn − Ik(n)i(n) yn‖ + (1+ uik)‖yn − p‖
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which on taking limn→∞ implies
lim sup
n→∞
‖yn − p‖ = d.
Next,
‖T k(n)i(n) xn − p‖ ≤ (1+ υik)‖Ik(n)i(n) xn − p‖
≤ (1+ υik)(1+ uik)‖xn − p‖.
From the inequality
‖T k(n)i(n) xn − p‖ ≤ (1+ υik)(1+ uik)‖xn − p‖,
we only obtain
lim sup
n→∞
‖T k(n)i(n) xn − p‖ ≤ d.
Further,
lim
n→∞ ‖βn(T
k(n)
i(n) xn − p)+ (1− βn)(xn − p)‖ = limn→∞ ‖yn − p‖ = d.
By Lemma 2.2, we have
lim
n→∞ ‖T
k(n)
i(n) xn − xn‖ = 0. (3.7)
We have also,
‖Ik(n)i(n) xn − xn‖ ≤ ‖Ik(n)i(n) xn − Ik(n)i(n) yn‖ + ‖Ik(n)i(n) yn − xn‖
≤ (1+ uik)‖xn − yn‖ + ‖Ik(n)i(n) yn − xn‖
≤ (1+ uik)‖xn − [(1− βn)xn + βnT k(n)i(n) xn]‖ + ‖Ik(n)i(n) yn − xn‖
≤ (1+ uik)‖βn(T k(n)i(n) xn − xn)‖ + ‖Ik(n)i(n) yn − xn‖
≤ (1+ uik)βn‖(T k(n)i(n) xn − xn)‖ + ‖Ik(n)i(n) yn − xn‖.
Thus from (3.5) and (3.7), we obtain
lim
n→∞ ‖I
k(n)
i(n) xn − xn‖ = 0. (3.8)
Now we prove that
lim
n→∞ ‖T`xn − xn‖ = limn→∞ ‖I`xn − xn‖ = 0, ∀` = 1, 2, . . . ,N
holds. In fact, since for each n > N ,n = (n−N)(mod N) and n = (k(n)−1)N+i(n), hence n−N = ((k(n)−1)−1)N+i(n) =
(k(n− N)− 1)N + i(n− N), that is, k(n− N) = k(n)− 1 and i(n− N) = i(n).
From (3.7) and (3.8)
‖xn − Inxn‖ ≤ ‖xn − Ik(n)i(n) xn‖ + ‖Ik(n)i(n) xn − Inxn‖
≤ ‖xn − Ik(n)i(n) xn‖ + L‖Ik(n)−1i(n) xn − xn‖
≤ ‖xn − Ik(n)i(n) xn‖ + L(‖Ik(n)−1i(n) xn − Ik(n)−1i(n−N) xn−N‖ + ‖Ik(n)−1i(n−N) xn−N − xn−N‖ + ‖xn−N − xn‖)
≤ ‖xn − Ik(n)i(n) xn‖ + L2‖xn − xn−N‖ + L‖Ik(n−N)i(n−N) xn−N − xn−N‖ + L‖xn−N − xn‖
≤ ‖xn − Ik(n)i(n) xn‖ + L(1+ L)‖xn − xn−N‖ + L‖Ik(n−N)i(n−N) xn−N − xn−N‖ −→ 0 (n −→∞).
This implies that
lim
n→∞ ‖Inxn − xn‖ = 0. (3.9)
Then we also have from (3.7) and (3.8)
‖xn − Tnxn‖ ≤ ‖xn − T k(n)i(n) xn‖ + ‖T k(n)i(n) xn − Tnxn‖
≤ ‖xn − T k(n)i(n) xn‖ + Γ ‖Ik(n)i(n) xn − Inxn‖
≤ ‖xn − T k(n)i(n) xn‖ + Γ (‖Ik(n)−1i(n) xn − Ik(n)−1i(n−N) xn−N‖ + ‖Ik(n)−1i(n−N) xn−N − xn−N‖ + ‖xn−N − xn‖)
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≤ ‖xn − T k(n)i(n) xn‖ + Γ L‖xn − xn−N‖ + Γ ‖Ik(n−N)i(n−N) xn−N − xn−N‖ + Γ ‖xn−N − xn‖
≤ ‖xn − T k(n)i(n) xn‖ + Γ (L+ 1)‖xn − xn−N‖ + Γ ‖Ik(n−N)i(n−N) xn−N − xn−N‖ −→ 0 (n −→∞).
This implies that
lim
n→∞ ‖Tnxn − xn‖ = 0. (3.10)
Now for all ` = {1, . . . ,N}.
‖xn − Tn+`xn‖ ≤ ‖xn − xn+`‖ + ‖xn+` − Tn+`xn+`‖ + ‖Tn+`xn+` − Tn+`xn‖
≤ ‖xn − xn+`‖ + ‖xn+` − Tn+`xn+`‖ + Γ ‖In+`xn+` − In+`xn‖
≤ (1+ Γ L)‖xn − xn+`‖ + ‖xn+` − Tn+`xn+`‖.
Taking limn→∞ on both sides in the above inequality, then we get
lim
n→∞ ‖xn − Tn+`xn‖ = 0
for all ` = {1, . . . ,N}.
Consequently, we have
lim
n→∞ ‖xn − T`xn‖ = 0. (3.11)
‖xn − In+`xn‖ ≤ ‖xn − xn+`‖ + ‖xn+` − In+`xn+`‖ + ‖In+`xn+` − In+`xn‖
≤ ‖xn − xn+`‖ + ‖xn+` − In+`xn+`‖ + L‖xn+` − xn‖
≤ (1+ L)‖xn − xn+`‖ + ‖xn+` − In+`xn+`‖.
Taking limn→∞ on both sides in the above inequality, then we get
lim
n→∞ ‖xn − In+`xn‖ = 0
for all ` = {1, . . . ,N}.
Consequently, we have
lim
n→∞ ‖xn − I`xn‖ = 0. (3.12)
Then the proof is completed. 
Theorem 3.3. Let X be a uniformly convex Banach space, K be a nonempty closed convex subset of X, {Ti : i ∈ {1, . . . ,N}}
be N Ii-asymptotically nonexpansive self-mappings of K with sequences {υin} ⊂ [0,∞) such that ∑∞n=1 υin < ∞ and{Ii : i ∈ {1, . . . ,N}} be N asymptotically nonexpansive mappings of K with {uin} ⊂ [0,∞) such that ∑∞n=1 uin < ∞ and
F =⋂Ni=1 F(Ti)∩F(Ii) 6= ∅. Let {αn} and {βn} ⊂ [δ, 1−δ] for some δ ∈ (0, 1). Then, the implicit iterative sequence {xn} defined
by (1.2) converges weakly to a common fixed point of {Ti : i ∈ {1, . . . ,N}} and {Ii : i ∈ {1, . . . ,N}}.
Proof. Let p ∈ F . Then, as in Lemma 3.1, it follows limn→∞ ‖xn− p‖ exists and so for n ≥ 1, {xn} is bounded on K . Since X is
uniformly convex, every bounded subset of X is weakly compact The boundedness of {xn} in K , there exists a subsequence
{xnk} of {xn} such that xnk → p weakly. We assume that nk = i (mod N),where i is some positive integer in {1, . . . ,N}.
Otherwise, we can take a subsequence {xnkj } ⊂ {xnk} such that nkj = i (mod N). For ` ∈ {1, . . . ,N}, there exists an integer
j ∈ {1, . . . ,N} such that nk + j = `(mod N). For all ` ∈ {1, . . . ,N}, from (3.11) and (3.12) we have
lim
n→∞ ‖xn − T`xn‖ = 0
and
lim
n→∞ ‖xn − I`xn‖ = 0.
Also, by Lemma 2.3, for each ` ∈ {1, . . . ,N}we know that p ∈ F(T`)∩ F(I`). By the arbitrariness of ` ∈ {1, . . . ,N}, we have
p ∈ F =⋂Ni=1 F(Ti)∩F(Ii). If F =⋂Ni=1 F(Ti)∩F(Ii) is a singleton, then the proof is complete. For p, q ∈ F =⋂Ni=1 F(Ti)∩F(Ii),
we assume that F =⋂Ni=1 F(Ti)∩ F(Ii) is not singleton. Suppose p, q ∈ w({xn}), wherew({xn}) denotes the weak limit set of{xn}. Let {xnk} and {xmj} be two subsequences of {xn}which converge weakly to p and q, respectively. By Lemmas 3.2 and 2.3
guarantees that p ∈⋂Ni=1 F(Ti), p ∈⋂Ni=1 F(Ii) and in the same way q ∈⋂Ni=1 F(Ti) and q ∈⋂Ni=1 F(Ii). Therefore, we obtain
that T`p = p for all ` ∈ {1, . . . ,N} and I`p = p for all ` ∈ {1, . . . ,N}. Similarly we can obtain T`q = q for all ` ∈ {1, . . . ,N}
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and I`q = q for all ` ∈ {1, . . . ,N}. For the uniqueness, assume that p 6= q and {xnk} → p, {xmj} → q. By Opial’s condition,
we conclude that
lim
n→∞ ‖xn − p‖ = limk→∞ ‖xnk − p‖ < limk→∞ ‖xnk − q‖
= lim
n→∞ ‖xn − q‖ = limj→∞ ‖xmj − q‖
< lim
j→∞ ‖xmj − p‖ = limn→∞ ‖xn − p‖.
This is a contradiction. Thus {xn} converges weakly to an element of F =⋂Ni=1 F(Ti) ∩ F(Ii).
This completes the proof of Theorem 3.3. 
Theorem 3.4. Let X be a uniformly convex Banach space, K be a nonempty closed convex subset of X, {Ti : i ∈ {1, . . . ,N}}
be N Ii-asymptotically nonexpansive self-mappings of K with sequences {υin} ⊂ [0,∞) such that ∑∞n=1 υin < ∞ and{Ii : i ∈ {1, . . . ,N}} be N asymptotically nonexpansive mappings of K with {uin} ⊂ [0,∞) such that ∑∞n=1 uin < ∞ and
F = ⋂Ni=1 F(Ti) ∩ F(Ii) 6= ∅. Suppose that {Ti : i ∈ {1, . . . ,N}} and {Ii : i ∈ {1, . . . ,N}} satisfy condition (B). Let {αn} and{βn} ⊂ [δ, 1− δ] for some δ ∈ (0, 1). Then the implicit iterative sequence {xn} defined by (1.2) converges strongly to a common
fixed point of {Ti : i ∈ {1, . . . ,N}} and {Ii : i ∈ {1, . . . ,N}}.
Proof. By Lemma 3.1, for all p ∈ F , from (3.3), ‖xn+1 − p‖ ≤ (1+ ρik)‖xn − p‖ for n ≥ 1 with∑∞k=1 ρik <∞. This implies
that ‖d(xn+1, F)‖ ≤ (1 + ρik)d(xn, F). Then by Lemma 2.1, limn→∞ d(xn, F) exists. Also by Lemma 3.2, for ` ∈ {1, . . . ,N},
limn→∞ ‖xn − T`xn‖ = 0 and limn→∞ ‖xn − I`xn‖ = 0. The condition (B) guarantees that limn→∞ f (d(xn, F)) = 0. Since f is
a nondecreasing function and f (0) = 0, it follows that limn→∞ d(xn, F) = 0. By Lemma 3.1, we know that {xn} is a Cauchy
sequence. Thus, by Lemma 3.1, this implies that {xn} is convergent. This completes the proof. 
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